New analysis of the scaling structure of a numerical solution of the Euler equations finds that initially anti-parallel vortex tubes collapse into two wings whose cross-sections can be described using two length scales ρ and R. The first ρ ∼ (T − t) for the leading edge and the distance between the position of peak vorticity and the dividing plane. The second R ∼ (T −t) 1/2 describes the extent of the wings and the distance of the peak in vortical velocity sup x |v| from the peak in vorticity. All measures of singular growth within the inner region give the same singular time. This includes a blowup in the peak of vortical or axial velocity going as (T − t) −1/2 at a distance R from the position of ω ∞ . Outside this self-similar region, energy, enstrophy, circulation and helicity accumulate. Twisting of vortex lines consistent with vortex line length growing to infinity is observed in the outer region. Vorticity in the intermediate zone between the inner and outer regions, while no longer growing at the singular rate, could be the major source of the strain interactions that drive the flow.
Introduction
It has been over 10 years since a calculation of anti-parallel vortex tubes generated the first evidence for a finite time singularity from smooth initial conditions with finite energy and in a bounded domain for the three-dimensional Euler equations [1] .
One half of one of these vortex structures is shown in Fig. 1 . The primary evidence was consistency with the mathematical condition that the time integral of the peak vorticity must blow up for there to be any type of singularity .
This condition was proven rigorously by Beale, Kato and Majda (BKM) [2] . This and two other measures of singular behavior are given in Fig. 2 for the highest resolution calculation. For all of the diagnostics, the current estimate of the singular time is T = 18.7 ± 0.05, where the error is based upon the fit for ω ∞ . Since the evidence for singular behavior in the anti-parallel case appeared [1] , there have been two more initial conditions that have generated singular trends in ω ∞ consistent with the anti-parallel case. These were a sheared cylindrical vortex [3] and orthogonal vortex tubes [4] .
Due to recent successes for two-dimensional systems relating numerical evidence [7, 8] to analytic work [9, 10] , there has been renewed interest in the threedimensional problem. Another incentive is the AMS-Clay prize for the related Navier-Stokes problem [11] . This paper will document in the general literature related properties for length scales and velocity of the anti-parallel 3D case [1] that have appeared in conference proceedings [12, 13] , introduce a new scaling framework, and new analysis of helicity.
The primary new properties relate to the structure of the inner collapsing region and the growth of velocity. Previously crude contours through the plane containing ω ∞ showed a collapsing anisotropic structure [1] with the distance of ω ∞ from Outside the surface is an outer region indicated by twisting vortex lines that originate from within the surface.
the dividing plane decreasing as ρ ∼ (T − t). There was weaker evidence that the maxima of all the components of the velocity stress tensor had the same time dependence. It was also suggested that an outer length scale might be collapsing more slowly while three-dimensional graphics showed curvature of the vorticity isosurface in all three directions. Nothing was said about the growth of velocity.
The new analysis will show that the anisotropy can be characterized by two length scales, the first ρ ∼ (T − t) as previously identified [1] while the second outer length scale R ∼ (T − t) 1/2 collapses more slowly. The second length R will apply to all three directions and will be tied to increasing curvature. It is also found that the maximum of the vortical velocity v, the velocity in the direction of the original vorticity, might be blowing up as sup x |v| ∼ (T − t) −1/2 at a position that is tied to R ∼ (T − t) 1/2 . The scaling of sup x |v| and R are consistent with new mathematical constraints on singular behavior [14, 15, 16] , even if those theorems might require extra conditions [17] . None of what will be discussed should be taken as proof that there is a singularity, which seems beyond current analytic or numerical methods.
The outline of the paper is as follows. First, there will be a detailed discussion of the structure of vorticity using graphics. Noise that masked the structures in earlier graphics [1] is removed using a high wave number filter. Then the graphics is used to provide evidence for two length scales, followed by evidence supporting a blowup in velocity. An anisotropic structure is proposed that is shown to be consistent with observations of the blowup of enstrophy production ω i e ij ω j dV ∼ (T − t) −1 , accumulation of energy, enstrophy, and circulation in an outer region, and peak vortical velocity sup x |v| ∼ (T − t) −1/2 . Finally, there will discussion of the outer region where vortex line length might be unbounded and helicity is growing. There are no claims that the numerical results are conclusive. Only that there are no inconsistencies with singular behavior as long as the calculations are resolved. It is important to document these results to provide a basis for future work. The classic paper on bounds for the Euler equations by Beale, Kato and Majda (BKM) [2] proved rigorously that the time integral of the peak vorticity (1) bounds all possible singularities 1 . The proof used calculus inequalities, although some elements of the theorem had been known earlier using Hölder continuity [18] . Prior to BKM, the primary numerical tools for testing singular behavior of Euler were the growth of enstrophy and the scaling of the high wavenumber tail of its spectrum.
Mathematical background
The enstrophy is a spatial integral, defined as the square of the L 2 norm of vorticity or Ω = ||ω|| 2 2 . Its spectrum is easily calculable only for strictly spectral codes and the 1 Peak values of vorticity will referred to as the L ∞ norm of a quantity, for example ω p = ||ω|| ∞ high wavenumber spectral tail is strongly affected by the numerics. The ω ∞ bound provided a numerical test that could be used by all numerical methods and did not suffer from unrelated resolution errors. This set off a number of independent efforts to determine whether there was singular behavior of Euler.
While the BKM test was an enormous advance and is a necessary condition for a numerical simulation to satisfy if singularities are claimed, it cannot be used alone to provide strong evidence for a singularity. This was addressed by looking for singular growth in two separate numerical measures [1] , the growth of the strain along the vorticity α, which was required mathematically [19] , and the spatial integral of the enstrophy production Ω pr , for which a mathematical requirement has yet to be shown. As with ω ∞ , it is expected that
and it was found that
The notation is: (x ω∞ , 0, z ω∞ ) is the position of ω ∞ , e ij = 0.5(∂u i /∂x j +∂u j /∂x i ) is the rate of strain and the coordinate system is given in Fig. 1 . (1/20) ω ∞ and is related to the singular time being 18.7 ≈ 20 when ω ∞ (t = 0) = 1. The calculations of a sheared cylindrical vortex [3] and initially orthogonal vortices [4] could have growth in these additional quantities that is consistent with the anti-parallel case. For the sheared cylindrical vortex,for ω ∞ = C(T − t) −1 , with C ≈ 19 as in the anti-parallel case. For the orthogonal case C = 18 ± 2, and
The BKM criterion has recently been improved upon using the BMO norm for functions of bounded mean oscillations [6] . The BMO norm is another definition of the maximum of a field that considers the spatial extent by using a spatially averaged norm. For a full discussion of BMO for 2D Euler see section 8.2.4 of Majda and Bertozzi [33] . An important property is that the function ln x is bounded in BMO. So if a function is not bounded in BMO, it cannot have a logarithmic spatial dependence. The analysis and scaling framework to be presented here would be consistent with stronger spatial power law behavior near the possible singularity.
Another change from the ω ∞ constraint (1) is that the underlying bounds do not need the addition of an L 2 norm as the BKM proof did.
Another constraint upon singular Euler collapse is that unless the length scale describing the collapse has the time dependence of R ∼ (T − t) −2/5 , the collapse cannot be exactly self-similar [14] . The dimensional origin of this time scaling is from the total kinetic energy. For this theorem, "exact self-similarity" means that only one length scale is needed to describe the collapse. The proof uses the Hölder semi-norm to relate the vorticity within such a region to the energy. The proof does not prohibit singular collapse going as R ∼ (T − t) −p for p > 2/5. It only states that if p > 2/5, there can only be "local self-similarity", meaning that at least two length scales describe the collapse and energy must be leaking out of the collapsing region.
It can be argued that if there is energy leaking out of an inner region collapsing as
, the only scaling that is consistent with conservation of both energy and conservation is the scaling with two length scales discussed in this paper in 
where ξ = ω/|ω|, then there are no singularities. These constraints are similar to those that were derived for 2D surface quasi-geostrophic equations, which have properties akin to vortex stretching [21] . Unfortunately, the proof of this for 3D
Euler [15] uses an extra constraint that supersedes the other requirements [17] .
Nonetheless, it seems that even if the proof is flawed, the result is likely to be correct and will serve as the primary tool for the new analysis in this paper.
Another addition [16] to the literature discusses vortex line length and a set of velocity conditions similar to those just given (4) . The first theorem is related to a known requirement (Majda, private communication) that the vortex line length must blow up if there is a singularity. The initial analysis of helicity and some of the graphics presented here would be consistent with vortex line length going to infinity.
Finally, there have been some results relating to higher order quantities determining the growth of curvature [23] . It has since been shown rigorously that these relations have a formal quaternionic structure [24] that points to deeper mathematical properties that have not yet been revealed. It is hoped that numerical studies such as this will contribute to this effort. One attempt has been made to determine the trends for these quantities from the anti-parallel calculations [22] . The quantities require divisions by terms whose sign changes rapidly and could not be determined except for one early time. Therefore, new calculations will be needed before these quantities can be properly analyzed.
3 Structure To complement the overview of the three dimensional structure in Fig. 1 , a number of slices through the structure will be used. These will be used to show that the wings of the inner region can be characterized by two length scales. One length scale is for the leading edges of the structure going as ρ ∼ (T − t) and the other length scale R ∼ (T − t) 1/2 for the length of the wings and the distance between sup x |u| and ω ∞ . The leading edges are located in the direction of propagation, Removal of these higher modes in analysis changed the kinetic energy, peak vorticity, and enstrophy by less than 1%. The most substantial change is that the estimate of the singular time has changed from 18.9 to 18.7 consistently for all measures of the singularity, including new trends in velocity to be discussed in Section 5. ω ∞ , e yy,p and Ω pr are given for the most resolved calculation in Fig. 2 . With the ability to extend the analysis to t = 17.5, analysis in the singular regime can now be done from t = 15 through t = 17 to t = 17.5. Details of each of these calculations is given in the original paper [1] . For a computational domain of 4π × 2π × 2π, using symmetries in y and z, the mesh for t = 15 and 17 was n x × n y × n z = 512 × 256 × 128 and for t = 17.5 the mesh was n x × n y × n z = 512 × 256 × 192. The bottom boundary is the xz symmetry plane. Arrows represent the horizontal velocity in this plane, discussed in Section 5. Because this slice is not through the These lines are a cross-section through a shell that extends out to y ∼ R. For r > R, where vorticity is no longer growing, the residual vorticity is found in swirling regions whose width increases as ρ(r) ∼ r 2 . as indicated by the separating curves.
position of ω ∞ , contours of vorticity extend further from the y = 0 symmetry plane than they would if the slice went through ω ∞ . A xy slice through the peak vorticity at z/(T − t) 1/2 = 0.05 would look similar for both velocity and vorticity, except the vorticity would be more concentrated in the region immediately around the peak vorticity, extending less in both x and y.
To put the previous sets of slices into perspective, Fig. 6 overlays Fig. 3(a) , with contours from the symmetry plane, on top of Fig. 3(d There are two features of the vortex structures observed in these calculations that would help overcome the depletion of non-linearity and would be consistent with stronger non-linearities. One feature is the curvature of the vortex lines in the third direction, which is discussed in connection with the scaling of lengths in y, the vortical direction, in Subsection 4.2. The other feature, which was noted before [1] , is that the head should more accurately be described as another vortex sheet nearly perpendicular to the tail, with the peak vorticity at the juncture between the two vortex sheets. The slice through the symmetry plane in Fig. 6 illustrates this bend at one time, with the two sets of perpendicular lines designed to illustrate how the two vortex sheets meet. Graphics in the original paper [1] showed that this bend 4 Length scales In Fig. 7 , for the y = 0 symmetry plane, the maximum of |ω| in z is taken at every x location. In Fig. 9 , ω p is the maximum of |ω| in x at every z location in the y = 0 plane. In Fig. 10 , ω p is the maximum of |ω| in xz planes for every y location. The reason for looking at profiles of these maxima is that we do not know the exact angles of the two wings protruding from the position of ω ∞ . By using these maxima, profiles of |ω| in the wings can be found without knowing the angles.
What the procedure does not tell us is how |ω| decreases away from the two wings, that is towards larger values of both x and z in Fig. 3(a) .
Scaling in x and z, the symmetry plane
Each profile taken in the xz symmetry plane is centered on the position of ω ∞ :
(x| ω∞ , 0, z| ω∞ ). Distances from this position are (∆x, y, ∆z) = (x − x| ω∞ , y, z − z| ω∞ )
and vorticity is rescaled by multiplying by (T − t) in all these profiles. 
Quantitative evidence for the time dependence of ρ was presented before [1] .
To support these conclusions, the same scalings are now applied to the directions perpendicular to x. Figure 9 shows that the same asymmetric scaling applies to ∆z. The scaling of ∆z/(T − t) for ∆z < 0 is consistent with the earlier analysis [1] that showed that the position of ω ∞ in z is decreasing as ρ ∼ (T − t). This qualititative analysis supports the picture that in the symmetry plane the vorticity is the order of ω ∞ (ω ∼ ω ∞ ) in two nearly perpendicular vortex sheets meeting at the location of ω ∞ , as illustrated in Fig. 6 . Furthermore, besides again demonstrating the importance of a length scale going as ρ ∼ (T − t), the importance of a second length scale going as R ∼ (T − t) 1/2 has been shown.
To show how far out in x and z this scaling works, the large X in Figs. 3-6 is at the position (∆x, ∆y, ∆z)/(T − t) 1/2 = (0.5, 0.5, 0.15). This is the (x, z) (but not y) location of the maximum of velocity that will be discussed in Section 5.
Bending in y, along the vorticity
In an incompressible flow, there cannot be simultaneous collapse in all three directions, there must be at least one direction of stretching. But there is no reason the scaling regime could not collapse in all directions if in the directions of stretching there is strong curvature of field lines. So far, all the analysis has been in the symmetry plane. Figure 10 extends the scaling analysis just completed in x and z to the vortical direction y, with position scaled only by the second length scale R ∼ (T − t) 1/2 . This applies out to y/(T − t) 1/2 ≈ 0.5, which in the sequence of frames in Fig. 3 goes nearly out to Fig. 3(d) . To investigate curvature directly one would like to look for scaling of 1/r curv = |∇ξ| where ξ = ω |ω| .
This is beyond the capabilities of this data set because it would involve higher derivatives of the data, which at the late times are not adequately resolved. As an alternative, the scaling ofξ y = max(|ω y (y)|)/max(|ω(y)|) was studied. This decreases as y increases because the direction of the vortex lines gradually moves out of the y-direction. The profile ofξ y in y when y is scaled by R ∼ (T − t) 1/2 is similar to the profile in Fig. 10 . Scaling y by R ∼ (T − t) 1/2 also applies to velocity in Fig. 12 . Given that scaling by R ∼ (T − t) 1/2 has applied to all the analysis that has been done in y, it is likely that curvature should also follow this trend, that is
Is this bending of vortex lines sufficient to overcome trends towards the depletion of non-linearity? This is not as sharp an angle as that of the bending of the vortex sheet in Fig. 3(a) , but still seems sufficient to prevent depletion of the non-linearity.
Only further analysis with a better data set will resolve this issue completely. 
Velocity scaling
A question left open by the original analysis [1] of the Euler calculation was how the peak velocity sup x |u| scales with time. Before presenting evidence for peak velocity blowup, let us consider scaling arguments restricting velocity blowup, at least in the immediate vicinity of the peak vorticity. Then evidence for velocity blowup will be presented, followed by scaling arguments consistent with the observed behaviour and the initial restrictions. Consider the velocity vector u = (u, v, w). Initially, the largest component is u, the velocity in the direction of the propagation of the vortices (x-direction). The location of its maximum at this time is between the two vortices, that is on the line where the dividing and symmetry planes meet. But if the velocity is to blow up it must do so in a manner consistent with the singular changes in vorticity and length scale in that region. Given that the peak vorticity increases as (T − t) −1 and that the relevant length scale between the peak vorticity and the dividing plane, to the left in Fig. 7 , is ρ ∼ (T − t), then combining the vorticity scale with this length scale to get a velocity scale one finds that u i ∼ ρω p ∼ (T − t)(T − t) −1 ∼ O(1). So, while the velocity on the dividing plane might be large, if it is to be singular it must be induced by more vorticity than is found in the immediate vicinity of ω ∞ (that is r < ρ) and sup x |u| must be at values of y > ρ, where y = 0 is the symmetry plane (y = 0). The following analysis will present evidence that there could be a blowup of v, the velocity in the direction of the initial vorticity (the vortical direction) and that it is located a distance r ∼ R ∼ (T − t) 1/2 from the position of ω ∞ . 1/2 . For these planes, the peak of v
is the same for all three times.
If sup x |v| is singular and sup x |u| is not, when will sup x |v| overtake sup x |u|? for t = 15 was taken from the peak in Fig. 12 . For all calculated times sup x (u 2 ) > sup x (v 2 ) and both seem to fit linear curves. However, only 1/ sup x (v 2 ) can be extrapolated to the singular time of t ≈ 18.7 estimated from 1/ω p , 1/e yy,p and 1/ ω i e ij ω j dV . Up until t = 17.5, sup x |u| is always on the line where the symmetry and dividing planes intersect. Figure 13 indicates that as the singular time is approached, the propating velocity u on the dividing plane z = 0 will saturate. 
Scaling framework
What would be useful is a framework within which to put these seemingly unrelated scaling results. This section will give order of magnitude estimates based upon the length scales and structure discussed above. No dynamics are included in this discussion. The objective is to show that there are no inconsistencies with a singularity and to provide a basis for future work. The framework is based upon the volume within the isosurface in Fig. 1 and the cartoon drawn over the structures in Fig. 6 .
Based on the analysis of the numerical solutions, the following assumptions will be made.
• For the inner collapsing region r < R (r from (5))
-Vorticity, vortex stretching, and enstrophy production are concentrated on an active shell of thickness ρ ∼ (T − t) and extent R ∼ (T − t) 1/2 .
-The shell has two wings: * On the x wing, thickness is ρ in z and extent is R in x and y. * On the z wing, thickness is ρ in x and extent is R in z and y.
-Within the shell all velocity derivatives ∂u i /∂x j ∼ (T − t) −1 including -ω ∼ (T − t) −1 and e yy ∼ (T − t) −1 .
• For the residual outer region, for r > R, it will be assumed that the scaling is determined by the time t(r) when the inner region passed r as follows:
-the thickness of the residual shell is ρ(r)
These will be used to show consistency with the following observations
• The enstrophy production Ω pr = ω i e ij ω j dV ∼ (T − t)
• Enstrophy growing logarithmically as Ω ∼ log(T − t)
• Circulation is concentrated in the region just outside R ∼ (T − t) 1/2 and is globally conserved.
• Maximum of velocity growing as (T − t)
Given these assumptions, it follows that the volume of the active shell within the innermost region containing vorticity ω i of the order of ω ∞ is
Depending upon the threshold of ω ∞ chosen for ω i , this volume could be viewed as either all space within the isosurface of Fig. 1 , the volume indicated by all the mesh lines, or only the innermost mesh lines.
Enstrophy production
Within δV i , because vorticity and strain all go as (T − t) −1 , the contribution to the enstrophy production is
as observed.
While this might explain the scaling of enstrophy production, enstrophy in the volume δV would go only as ω if the initial vorticity is O(1). Next, assume that in the outer region for r > R that r, ρ(r), and ω(r) are related as they were when the inner region passed over r.
Then an estimate of the enstrophy in the outer region is
where
C is a geometric factor relating σ o to R o and ω ∞ at t = 0. Therefore, the actual increase in enstrophy would be in the outer region, even though the scaling assumes that enstrophy production is active only within the inner volume. The increase in the outer region does not occur through transport between the regions, but by growth of the outer region at the expense of the inner active regions.
A logarithmic increase in enstrophy is consistent with the energy spectrum going to E(k) ∼ k −3 up to a cut-off wavenumber k ρ ∼ 1/ρ ∼ (T − t) −1 , as was found previously [1] .
Circulation
In the absence of viscosity and due to the symmetries in the anti-parallel case, circulation will be conserved in all xz planes taken through the domain due to Kelvin's Theorem. This includes the symmetry plane shown in Fig. 1 and all the frames in Fig 3. Will this circulation be preserved within the inner region, or will it be left behind in the outer region?
The scaling framework assumes that in the inner region |ω| ∼ C ω ∞ is found only within the shell of of thickness ρ. In this case, the circulation within the inner region would decrease with time as
Since total circulation in the symmetry plane is conserved, most of the circulation must reside in the outer region. Using the scalings for lengths and vorticity in the outer region given by (10, 11) , an estimate of the circulation in the outer part of the symmetry plane is
the initial circulation.
Velocity growth
While Section 5 showed that velocity in the immediate vicinity of ω ∞ is not blowing up, evidence was presented that velocity is blowing up further out. This would be consistent with the position of sup x |v| that is roughly identified by the large X's in Fig. 3(d) , Fig. 4(d) , Fig. 5 and Fig. 6 . This position is at the outer edge of the inner region where the proposed self-similar scaling of vorticity ends.
That is, ∆x/(T − t) 1/2 ≈ 0.5, ∆z/(T − t) 1/2 ≈ 0.15, and y/(T − t) 1/2 ≈ 0.5, as indicated in Figs. 8, 9, and 10 respectively. The xz position of sup x |v| is shown in Fig. 3(a) , the symmetry plane, in order to show how far it is from both ω ∞ and e yy,p , indicated by the small x. 
Second, what is the influence the other way, from the outer region? From figures 3 and 4, the position of sup x |v| is where significant swirl begins to dominate the vorticity field. The position of sup x |v| in each of these figures is underneath a large swirling region where the circulation analysis in 6.2 shows that the circulation in these swirls σ s will be the order of σ o , the original value. Then,
If peak velocity does blow up at the edge of the inner region, how will the kinetic energy scale within the inner region? Figure 5 suggests that while velocities will be small near the symmetry plane, they could be the order of sup x |v| over a much broader region. The volume of the entire inner region, not just the shell where vorticity production is concentrated, should be used and will go as
So, if all components of velocity are the order of sup x |v| ∼ (T − t) −1/2 throughout most of this volume, kinetic energy in the inner region will go as
a decreasing function of time. In the outer region
giving conservation of energy as R → 0 and showing that most of the kinetic energy will be relegated to the outer region as the singular time is approached, as was true for the enstrophy and circulation,
Outer, helical region
The definition of the outer region will be where the vorticity is no longer growing at the singular rate. Defining an intermediate zone where r ∼ R, it has been argued that the peak velocity is most likely generated by vorticity in this intermediate zone. The strain that is stretching the vorticity is associated with this velocity and therefore is also in part coming from this intermediate zone.
The outer region is where energy, enstrophy and circulation accumulate. As the singular time is approached, the scaling framework predicts that only a small fraction of each of these integral quantities will be found in the regions of active singular dynamics. In addition, to get a blow up in vorticity, infinite vortex line length must be generated [16] and would have to be deposited in the outer region.
This can be accommodated only if a vortex line goes to infinity or if it becomes tightly curled and helical. Figure 1 shows twisted vortex lines in the outer regions. To demonstrate this quantitatively, the integral of the helicity H = u · ωdV has been calculated. Note that the helicity referred to is that within one of the four symmetric quadrants of the entire flow. Due to the initial symmetries and zero viscosity, the net helicity over the entire flow must initially be zero and remain so. Helicity can build up in a quadrant only by transport of helicity across either the symmetry or dividing plane, in this case only the symmetry plane because it is the only one that contains vorticity. The inviscid helicity equation can help our understanding
The source of helicity within a quadrant comes from the flux term on the right.
Helicity in a space filling flow is bounded above by
where the right-hand side is the the helicity of a single helical Fourier mode. Amazingly, for all three times, the helicity nearly obeys
For an isolated vortex structure, this is a large value for the helicity. A continual increase in helicity at this rate would support the claim that through the twisting of vortex lines, vortex line length
where the integral is along the vortex line and r o is the Lagrangian position of an arbitrary point on vortex line.
Summary
The purpose of this paper has been to more fully characterize the scaling properties of an idealized anti-parallel Euler calculation [1] . A completely three-dimensional physical space structure with two length scales, ρ ∼ (T − t) and R ∼ (T − t) 1/2 , has been identified that can account for all of the observations. The structure is self-similar, but because there are two length scales it is only locally self-similar and does not collapse uniformly in all directions. A scaling framework for the collapse of the self-similar region has been introduced that by construction is consistent with a blowup in peak vorticity going as ω ∞ ∼ (T − t) −1 and is also consistent with the numerical analysis [1] showing enstrophy production going as Ω pr = ω i e ij ω j dV ∼ (T −t) −1 , enstrophy increasing logarithmically and new analysis showing the peak of one velocity component going as sup x |v| 2 ∼ (T − t) −1 . There is qualitative analysis suggesting that the curvature (7) obeys 1/r curv = |∇ξ| ∼ (T − t) −1/2 . All of these properties are consistent with mathematically proven or proposed requirements for singular growth.
Scaling like R ∼ (T − t) 1/2 has appeared in other solutions of collapsing vortices such as the collapse of a 12-fold arrangement of symmetric vortices [27] and for vortex filaments [31, 32] . Vortex filaments also get velocity growth like sup |v| ∼ (T −t) −1/2 .
However, it is well-known that vortex filaments are a poor approximation for the true Euler equations in the late stages of collapse because they do not flatten [26] and new highly resolved, adaptive mesh calculations have shown that the symmetric initial condition yields only exponential growth (Grauer, private communication) .
Therefore, it is unclear how relevant these cases are to the present case. This contribution would then be the first place where a length going as R ∼ (T − t) 1/2 has been found for a grid-point calculation with singular growth that is consistent with the ω ∞ condition (1).
Some of the tests described here have been applied to more general initial conditions [3, 4] and consistency with the anti-parallel results was found. The tests are estimating the strain along the vorticity e yy,m at the position of ω ∞ either by dividing terms, ω i e ij ω j /ω 2 , or getting the time derivative of ω ∞ . The other test that could be generally applied is determining if the total enstrophy produc-
tion Ω pr ∼ (T − t) −1 (3). The remaining tests given here, for enstrophy, velocity and curvature blow-up, could probably not be applied to most calculations. Enstrophy growth is too weak and velocity growth is dominated by initial transients for too long. Even for these calculations, the resolution was insufficient for direct determination of the curvature.
Because more general initial conditions show signs of the same scaling as identified here, it could be that the anti-parallel configuration is universal as t → T and r < R. For large r there is a helical regime that might not be universal and might play a role in the viscous reconnection that would follow in the Navier-Stokes equations. It has been found that turbulent energy cascade seems to appear immediately after the vorticity stops growing and reconnection begins [30] and the helical structure of the outer region might control this process.
New calculations and new analysis are needed to clarify these issues. For the anti-parallel Euler case, detailed analysis of the interactions in the inner region and how the outer region develops is needed. For all the other flows discussed, better calculations are needed so that all the singularity tests can be applied. There should also be Navier-Stokes calculations that go from nearly singular Euler dynamics through reconnection and on to turbulence. The time has come for new calculations of all of these cases using the improved numerics and numerical power that has become available since the last time these problems were studied in detail.
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